Here, using the projectively invariant pseudo-distance and Schwarzian derivative, it is shown that every connected complete Finsler space of the constant negative Ricci scalar is reversible. In particular, every complete Randers metric of constant negative Ricci (or flag) curvature is Riemannian.
Introduction
The Finsler metrics of negative flag curvature are widely studied by some geometres and many significant results are obtained. Without pretending to be exhaustive, we mention here the most significant ones.
Akbar-Zadeh established the following rigidity theorem in 1988; Let (M, F ) be a compact connected boundary-less Finsler space of constant negative flag curvature, then (M, F ) is Riemannian, see [1] . Later, important works have been done by imposing other assumptions. For instance, P. Foulon has addressed the case of the strictly negative flag curvature by imposing the following additional hypothesis. The curvature is considered to be constant along a distinguished vector field on the homogeneous bundle of tangent half lines. He shows that under these conditions, the Finsler space is Riemannian [9] . Later, he proved that a symmetric compact Finsler space with negative curvature would be isometric to a locally symmetric negatively curved Riemann space. See [10, 8] for more details. Next, Z. Shen considers the case of the negative but not necessarily constant flag curvature by imposing that the S-curvature is constant and proves that the Akbar-Zadeh rigidity theorem still holds in this case, see [16] . In a joint work, Mo and Shen show that a compact isotropic Finsler space with negative scalar curvature is bounded above by " − 1" is of the Randers type [12] .
In the present work, we have used the well-known Schwarzian derivative on Finsler manifolds, previously studied by current authors, to obtain a rigidity theorem for a complete Finsler manifold. This is a generalization, in some senses, of a result due to Akbar-Zadeh. The ideas presented in this article are based on certain characteristics of projectively invariant pseudo-distance defined by the well-known Schwarzian derivative operator on a Finsler manifold and are derived from our attempts in [5, 6] and [14] .
Theorem1 carries out the following appealing result on Randers spaces. It's noteworthy to recall that Remark2 in the page 10 shows that this result on Randers spaces has no conflict with the one obtained by X. Cheng and Z. Shen in [4] .
Recall that, here our particular interest is Einstein metrics with constant negative Ricci scalar. Clearly, all the results on Einstein metrics with constant negative Ricci scalar, hold well for Finsler metrics of constant negative flag curvature.
We close this article by showing that a Finsler metric of negative-definite parallel Ricci tensor has reversible geodesics, see Theorem2.
Preliminaries
Let M be an n-dimensional connected smooth manifold. We denote by T 
where, G i s are positively homogeneous of degree two with respect to y i and they are the coefficients of a globally defined spray
∂y k . For a two-dimensional plane P ⊂ T p M and a non-zero vector y ∈ T p M, the flag curvature K(P, y) is defined by K(P, y) := gy(u,Ry(u)) gy(y,y)gy(u,u)−gy(y,u) 2 , where P = span{y, u}. F is said to be of scalar curvature K = λ(y) if for any y ∈ T p M, the flag curvature K(P, y) = λ(y) is independent of P containing y ∈ T p M. It is equivalent to the following system in a local coordinate system (x i , y i ) on T M.
If λ is a constant, then F is said to be of constant curvature.
A little more details on geodesics of a Finsler metric
By a geodesic of a Finsler metric F we understand a regular curve γ : I → M such that for any sufficiently close points a, b ∈ I, a ≤ b the restriction of the curve γ to the interval [a, b] ⊆ I is an extremal of the length functional Note that for any orientation-preserving re-parametrization τ (t) (that is, dτ dt > 0), the curve γ(τ (t)) is also a geodesic. A geodesic γ of a Finsler metric F involves the variational problem for the length functional given by (2.2) . Therefore, it should satisfy the well known Euler-Lagrange equations d dt
By direct calculations we obtain
Finally, geodesics are given by the following equations
Along a curve γ := x i (t), the arc length parameter "s" is defined by s(t) := t a F (x(r),ẋ(r))dr or ds dt = F (x(t),ẋ(t)). We have ds dt = F (x(t),ẋ(t)) > 0 therefore it preserves the orientation. Considering the arc length parameter "s", the equation of a geodesic becomes
Let us consider a curve γ which satisfies the equations (2.5) for some parameter "s". Take a new parameter "t" determined by
It is clear that γ satisfies (2.4) and hence is a geodesic. Now, consider a curve γ which satisfies the equations
for some differentiable real function h with respect to the parameter "t". Take a new parameter "s" determined by h(t) = d(logF ) ds . According to the latter discussion, γ is a geodesic. It is worth noting that along a geodesic γ := (x i (t)) satisfying (2.5) we have F (x(t), x i (t)) = constant. Furthermore, if "s" is the arc length parameter we have F (x(t), x i (t)) = 1.
A Finsler structure F is called reversible if the opposite tangent vectors have the same length. More precisely, on a smooth manifold M, a Finsler structure
is also a geodesic of F . Clearly, every reversible Finsler structure is with reversible geodesic but the converse is not always true. For example, every projectively flat Randers metric is geodesically reversible [15] . If F is reversible, then all geodesics of F are reversible. F is said to be forward (resp. backward) geodesically complete, if every geodesic on an open interval (a, b) can be extended to a geodesic on (a, ∞) (resp. (−∞, b)). F is said to be complete if it is forward and backward complete.
Finslerian distance function
. It can be shown that d F satisfies the first two axioms of a metric space. Namely, (I) d F (x 0 , x 1 ) ≥ 0 , where equality holds if and only if
We should remark that the distance function d F on a Finsler space does not have the symmetry property. If the Finsler structure F is reversible, we also have the third axiom of a metric space,
The Ricci scalar of F is a positive scalar function given by Ric := 1 F 2 R i i . It is zero homogeneous in y which yields Ric(x, y) depends on the direction of the flag pole y but not to the length of y. The Ricci tensor of a Finsler structure F is defined by Ric ij := { 1 2 R k k } y i y j , cf., [1, 3] . A Finsler metric is called Einstein if the Ricci scalar Ric is a function of x alone, or equivalently if we have Ric ij = Ric(x)g ij .
3
A brief overview on projective changes of Finsler metrics
In Finsler geometry, as discussed earlier the concept of a geodesic involves both the notion of a curve as a set of points and an orientation. Two Finsler structures F andF on a connected manifold M are said to be projectively related if (considering the orientation) every geodesic of F is a geodesic ofF and vice versa. On the other hand,
Applying the two latter equations to (2.5), we have
Considering (3.6), we have
It worths noting the fact that "At each point of a connected manifold M, we have a precompact coordinate neighborhood U such that given any x ∈ U and y ∈ T x M, there exists a unique geodesic σ x,y (t) which passes through x at t = 0 with the velocity y. Furthermore, σ x,y (t) is C ∞ in "t" and in its initial data x, y = 0." [3] .
Considering this fact and the equations (3.7), it is obvious that if two Finsler metrics are projectively invariant, there exists a 1-homogeneous scalar field P (x, y) satisfyingḠ i (x, y) = G i (x, y) + P (x, y)y i . Now, let consider that there exists a 1-homogeneous scalar field P (x, y) satisfies (3.8). Let γ := (x i (t)) be a geodesic of the Finsler metric F on M. We take parameter "t" determined by
By direct calculation, we have
Therefore, γ is a geodesic ofF as well. Considering the above arguments, Two Finsler metrics F andF are projectively equivalent if and only if there exists a 1-homogeneous scalar field P (x, y) satisfies (3.8 ).
Schwarzian derivative and a pseudo-distance
Let γ = x i (t) be a geodesic on (M, F ). In general, the parameter "t" of γ, does not remain invariant under projective changes of F . A parameter is called projective, if it remains invariant under a projective change of F . In [2, 7, 18] the projective parameters are defined for geodesics of the general affine connections. In [5] the projective parameters are carefully spelled out for geodesics of a Finsler metric as a solution to the following ODE {p, s} := d 3 p ds 3 dp ds − 3 2 d 2 p ds 2 dp ds
where {p, s} is the well known Schwarzian derivative and s is the arc length parameter of γ. The projective parameters are unique up to a linear fractional transformation { ap+b cp+d , s} = {p, s}, where, ad − bc = 0. Here, we briefly introduce the pseudo-distance d M and point out some of its properties. See [5] for all details. Consider the open interval I = (−1, 1) with Poincaré metric ds 2 I = 4du 2 (1−u 2 ) 2 . The Poincaré distance between two points a and b in I is given by ρ(a, b) =| ln (1−a)(1+b) (1−b)(1+a) |, cf., [13] . A geodesic f : I → M on the Finsler space (M, F ) is said to be projective, if the natural parameter u on I is a projective parameter.
Given any two points x and y in (M, F ), we consider a chain α of geodesic segments joining these points. That is; i) a chain of points x = x 0 , x 1 , ..., x k = y on M; ii) pairs of points a 1 , b 1 , ..., a k , b k in I; iii) projective maps f 1 , ..., f k ,
.., k. By virtue of the Poincaré distance ρ(., .) on I we define the length L(α) of the chain α by L(α) := Σ i ρ(a i , b i ), and we put d M (x, y) := inf L(α), where the infimum is taken over all chains α of geodesic segments from x to y.
Based on a projectively invariant pseudo-distance defined by the Schwarzian derivative on a Finsler manifold, the Ricci scalar is studied under a projective change of F . Next, the Schwarzian derivative is applied to introduce a projectively invariant parameter, called projective parameter, for a given geodesic on (M, F ). Then a certain chain of piecewise smooth geodesics α, which joins a point x in M to a point y in M is considered. The Poincaré metric on the open interval I determines L(α) the length of α. Finally, the projectively invariant pseudodistance d M is defined to be the infimum of L(α) for different chains α, see [5, 14] for more details. Let us review the following properties Proposition A. [5] Let (M, F ) be a Finsler space. Then for any points x, y, and z in M, d M satisfies Theorem F. [14] Let (M, F ) be a complete Einstein Finsler space with
where c is a positive constant. Then the projectively invariant distance d M , is proportional to the Finslerian distance d F , that is
Reversibility and Ricci curvature
In this section we study some necessary conditions for reversibility of a Finsler structure. We give a proof for Theorem 1 and Theorem 2 and investigate global conclusions.
Proof of Theorem1. Let (M, F ) be a connected complete Finsler space of constant negative Ricci scalar. According to part (i) of PropositionA, d M is symmetric. Apply this property to Theorem F reads that d F is symmetric too. After Proposition B on a complete connected Finsler manifold the associated distance function d F is symmetric if and only if F is reversible. The latter fact completes the proof. ✷ The assumption of reversibility of a Finsler structure excludes many interesting examples such as Randers metrics. A Randers metric on a manifold M is a Finsler structure in the form F = α + β, where α = a ij (x)y i y j is a Riemannian metric and β = b i (x)y i is a one form on M, where b := ||β x || − α < 1. It is wellknown that a Randers metric is reversible if and only if it is Riemannian. Given the above statement, we point out that a non-Riemannian Randers metric can only adopt one of the properties: completeness and having a constant negative Ricci scalar. Therefore we have Corollary1.
Let us ▽ b denotes the covariant derivative of Berwald connection and the Ricci tensor be parallel with respect to the Berwald connection. The following similar arguments hold as well for Chern connection. We have Applying (5.13) to Theorem 1, readsF is reversible and hence it is geodesically reversible. The Finsler manifolds (M, F ) and (M,F ) are affine, therefore the Finsler structure F is geodesically reversible.
Remark 1. The above discussion also provides the opportunity to characterize the completeness of a large class of Finsler metrics with a constant negative Ricci scalar. For instance we know that the Finslerian Pioncaré metric is of constant flag curvature −1/4. Therefore, by the above discussion, it could not be complete. Forward and backward completeness of this metric is discussed in details in [3] .
Meanwhile, the above discussion gives a characterization of the Einstein Finsler spaces as follows Remark 2. It is noteworthy to mention that the obtained result on Corrolary1 does not contradict the examples given by X. Cheng and Z. Shen in [4] , where they have shown; there are singular Einstein (α, β)-metrics with Ric = 0, Ric = −1 and Ric = +1 on the sphere S 3 .
In fact, as the authors have explicitly explained at the end of the [4] , the results are held on Finsler spaces with almost regular metrics and fail to be true in the case of regular metrics.
